ISOMORPHISM TYPES OF INFINITE ALGEBRAS!
$. D. COMER AND J. J. LE TOURNEAU

A basic problem in the general theory of algebras is the determina-
tion of the number of nonisomorphic algebras with a given (finitary)
similarity type and infinite power. Our main result is to show that in
every case the number of such algebras actually equals the most
naturally computed upper bound. In particular we show that if 7 is
any similarity type containing n symbols, at least one of which is
positive rank, and m is any infinite cardinal then there exist exactly
2™® ponisomorphic algebras with similarity type r and power m. The
corresponding problem for finite algebras was considered in Harrison
[1].

In §0 we introduce definitions and accompanying notation; in §1
we consider the special problem of determining the number of non-
isomorphic unary algebras (our work is based on the construction
presented before Lemma 1); and in §2 we consider this determination
problem for arbitrary algebraic similarity types.

0. We assume that each ordinal number is equal to the set of all
smaller ordinal numbers and that each cardinal number is an initial
ordinal. The function 8 defined on all ordinals is the usual enumera-
tion of the infinite cardinals. Ordinals are usually denoted by ¢, 8,
v, - - - and cardinals by m, 1, - - - . The smallest infinite cardinal
M, is sometimes denoted by w. The cardinality (or power) of a set 4
is denoted by | 4|. A function f on 4 into B is a function whose do-
main is 4 and whose range is a subset of B; in symbols Df=4 and
®fC B. For any sets 4, B, 4B is the set of all functions on 4 into B.
For any integer # and any nonempty set 4, f is an n-ary operation on
A iff fE™A.

By a similarity type 7 we mean any function on an ordinal into w.
For any similarity type 7, A =(4, 0) is a r-algebra or an algebra of
type 7 iff % is an ordered pair whose first coordinate (called the uni-
verse of %) is a nonempty set 4 and whose second coordinate (called
the operations of %) is a function © on D7 such that, for any « € D7, Oa
is a 7(a)-ary operation on 4. The number 7(c) is called the rank of
Oa If 7(@) =0 or 7(x) =1 we identify 9, in the natural way with a
member of 4 or a function on 4 into 4, respectively. If ¥ is an algebra
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whose only operation is of rank 1 then 9 is called a unary algebra.
Algebras are denoted by %, 8, G, - - -.

1. In this section we prove that for any infinite cardinal m there
are exactly 2™ nonisomorphic root unary algebras of power m. By a
root unary algebra we mean a unary algebra % whose universe con-
tains exactly one point which is sent to itself under the operation of
¥ and such that every subalgebra of ¥ also contains this “fixed
point.” The class of all root unary algebras (or roots) is denoted by
R and for any cardinal m the class of all roots of power <m is de-
noted by Ry,. The proof of the above claim rests on the construction
outlined below.

For any infinite cardinal m, for any function f on m into R, and
for any function g on m into {0, 1}, let €(f, g) be the root pictured
in Figure 1. To construct §(f, g) set-theoretically first form disjoint
isomorphic copies of all members in the range of f. These copies are
then combined into a single structure by mapping each of the old
fixed points, not to themselves, but to a new point, each of these new
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points to a second new point, and finally all of these last points to a
single fixed point (see Figure 1). With each point p in the above con-
struction such that the image of p is the new fixed point there is a
naturally associated ordinal in 1. As the final step of our construction
we tie a new point to each of these layer one points whose associated
ordinal has the value 1 under the function g (see dotted arrows in
Figure 1).

LeMMA 1. For any infinite cardinal m, for any function f on m into
R, and for any functions g1 and gs on m into {O, 1} :

(1) If ®fFCR,, then C(f, g)ERy.

(2) If no two members of Rf are isomorphic then €(f, g1) is isomorphic
to €(f, &) iff g1=2>

Proo¥r. (1) €(f, g1) is clearly a member of R and consists of m parts,
each of which has cardinality =<m. Thus there are less than or equal
m?=m points in the universe of €(f, g1), which implies €(f, g1) € Ru.

(2) If &(f, &) is isomorphic to €(f, g.) by k, then for any ¥ in ®f
there is a B in ®f such that the isomorphism % induces an isomor-
phism between 9 and 8. But by the assumption concerning ®f this
implies that % is the identity function, which in turn implies that

g1= g2,

THEOREM 1. For any infinite cardinal m there are exactly 2™ non-
isomorphic unary algebras with power m.

ProoF. Let 4 be a set of cardinality m. Since every member of 44
can be identified with a subset of ordered pairs of elements in 4 it
follows that there are at most 2™™=2" different algebras whose
universe is 4. Thus there are at most 2™ nonisomorphic algebras of
power .

In order to prove that equality holds we define by induction on
ordinals a collection K, of sets of roots such that for every ordinal
o, K. contains 28« pairwise nonisomorphic roots each of which has
power N,. The proof of these facts follows by a straightforward induc-
tion using the definition of K,, Lemma 1, and the fact that for any
infinite cardinal m there are 2™ functions in ™{0, 1}. Speaking
vaguely, each member of K, “codes-in” a different member of
Ra {0, 1}.

For any nE€w let 9, be the root whose universe is {0, « - -, n},
whose fixed point is 0, and such that every nonzero element of the
universe of 9, is sent to its predecessor by the operation of U,. Let
K ={%,: nCw}. Note that there are ¥, nonisomorphic members of
K. Let fo be a 1-1 function on N, into XK.
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(a) Ko={G(fo, &): g™ {0, 1}}.

(b) Assume K, is well defined. Let fuy1 be a 1-1 function on Ney
into K, (from the induction hypothesis | K4| =28 >§,,, thus such
a function exists).

Keopy = {@<fa-[~1’ 2: 8E N0t+1{0, 1}}

(c) Assume M is a limit ordinal and that for all @ €N, K, is well
defined. Let f) be a 1-1 function on 8, into User Ko

Ky = {C(h, 9): £ € ™[0, 1}}.

It should be observed that each member U of any K, is rigid, that
is the only automorphism of 9 onto ¥ is the identity.

2. Letr= {(0, ) } be a similarity type where # is any integer. An
algebra of type 7 is called an n-ary algebra. It follows as a direct con-
sequence of Theorem 1 that for any positive integer # and any infinite
cardinal m there are at least 2™ nonisomorphic algebras of power m
(any unary operation can be thought of as an n-ary operation acting
on the first coordinate). Thus, for any positive integer # and any
infinite cardinal m there are exactly 2™ nonisomorphic #n-ary algebras
with power m (note that any such algebra is associated with a subset
of n4-1 tuples of its universe and there are at most 2™ =2™ such
subsets).

A trivial similarity type is one whose range is {O}

THEOREM 2. For any infinite cardinal m and any nonirivial stmilarity
type T containing n elements there are exactly 2™ nonisomorphic alge-
bras of type v with power m.

Proor. For any 7-algebra % =(4, 0) of power m, 0 is uniquely
associated with a member of ‘{’DT(U,-EO, "A{O, 1}) (i.e., we identify #n-ary
operations with certain (n-1)-ary relations). Hence there are at most
(> icw 2™ =2"" different 7-algebras whose universe is 4 and hence
there are at most 2™ ™ nonisomorphic 7-algebras of power .

Assume 7(a) #0. We know that there are 2™ nonisomorphic 7()-
algebras with power m, thus if n <m there are at least 2™=2™" non-
isomorphic 7-algebras with power m. If n>m construct a family L of
7-algebras on the set m by choosing 9, with range {a} for all a&Em
and 0, arbitrary for all «&En~m. The family L contains 2"==2™"
pairwise nonisomorphic r-algebras with power m. In either case there
are at least 2™ ™" r-algebras with power m.

If 7 is a trivial similarity type with n elements and m is an infinite
cardinal, the argument given in Theorem 2 shows that if m<n there
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are exactly 2" nonisomorphic r-algebras with power nt. If nZm there
are as many nonisomorphic 7-algebras with power m as there are
ways to partition a set with 1 elements.

The arguments involved in the results of this section can be ex-
tended without difficulty to determine the number of isomorphism
types of infinite structures whose similarity type contains both
(finitary) operations and relations. We state the general result.

Suppose 7 is a (general) similarity type with a total of 1 relation
and operation symbols of which 1’ are relation symbols and m is an
infinite cardinal. If = contains at least one operation symbol of rank
=1 or relation symbol of rank =2, then there are 2™ isomorphism
types of structures with power m and similarity type 7. On the other-
hand, if all operations are 0-ary and all relations are unary, there are
2" isomorphism types in case nZm and there are m' isomorphism
types in case 1< m where f is the minimum of 2" and m.
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